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CONFORMAL PROPERTIES OF INDEFINITE BI-INVARIANT METRICS
KELLI FRANCIS-STAITE AND THOMAS LEISTNER
Abstract. An indecomposable Lie group with Riemannian bi-invariant metric is always
simple and hence Einstein. For indefinite metrics this is no longer true, not even for simple
Lie groups. We study the question of whether a semi-Riemannian bi-invariant metric is
conformal to an Einstein metric. We obtain results for all three cases in the structure
theorem by Medina and Revoy for indecomposable metric Lie algebras: the case of simple
Lie algebras, and the cases of double extensions of metric Lie algebras by R or a simple Lie
algebra. Simple Lie algebras are conformally Einstein precisely when they are Einstein, or
when equal to sl2C and conformally flat. Double extensions of metric Lie algebras by simple
Lie algebras of rank greater than one are never conformally Einstein, and neither are double
extensions of Lorentzian oscillator algebras, whereas the oscillator algebras themselves are
conformally Einstein. Our results give a complete answer to the question of which metric
Lie algebras in Lorentzian signature and in signature (2, n− 2) are conformally Einstein.
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1. Introduction and statement of results
In this paper, we study the conformal properties of bi-invariant metrics on Lie groups by
considering properties of their Lie algebras. Recall that a semi-Riemannian metric on a Lie
group G is called bi-invariant if all multiplications from left and right are isometries. A Lie
group with a bi-invariant semi-Riemannian metric is called a metric Lie group. A bi-invariant
metric of signature (p, q) on G induces a scalar product of signature (p, q) on the Lie algebra
g of G that is Ad-invariant, i.e., invariant under the adjoint representation Ad of G on g, and
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consequently invariant under its differential ad. In fact, on a connected Lie group, bi-invariant
metrics are in 1-1 correspondence with ad-invariant scalar products on the Lie algebra. A
Lie algebra g with a scalar product (of signature (p, q)) is called a metric Lie algebra (of
signature (p, q)).
In the following, when studying the geometry of a metric Lie group G we will do this
by studying metric Lie algebras, and when referring to geometric objects on G, such as the
curvature tensor, the Ricci tensor, etc., we will just refer to curvature tensor, Ricci tensor,
etc. of the metric Lie algebra g.
A metric Lie algebra is called decomposable if the Lie algebra is isomorphic to a direct
sum of orthogonal ideals. If there is no such decomposition, we call the metric Lie algebra
and its corresponding Lie group indecomposable. Due to splitting theorems of de Rham and
Wu decomposability in this algebraic sense is related to decomposability in the geometric
sense, i.e., to the fact that the metric Lie group, if it is simply connected, decomposes into
a semi-Riemannian product manifold. Hence, indecomposable metric Lie algebras can be
considered as the fundamental building blocks of metric Lie algebras. More surprising is the
following striking structure result for indecomposable metric Lie algebras:
Theorem 1.1 (Medina & Revoy [22]). Every indecomposable metric Lie algebra is either
one-dimensional, simple, or a double extension of a metric Lie algebra h 6= {0} by another
Lie algebra s and a Lie algebra homomorphism δ : s → so(h) ∩ der(h) into to the skew
derivations of h such that:
(a) s is simple or s = R, and
(b) the image of δ is not contained in the inner derivations ad(h), [10, 11].
For a double extension, the signature of the metric is (p + dim s, q + dim s), where (p, q) is
the signature of the metric Lie algebra h.
It is known that indecomposable Riemannian metric Lie algebras are simple or one-
dimensional; the signature description from Theorem 1.1 confirms this. The interesting part
of Theorem 1.1 however is the statement about indefinite metric Lie algebras and these will
be a focus of our paper.
In the following we will study conformal properties of metric Lie groups, such as (local)
conformal flatness or being (locally) conformally equivalent to an Einstein space (for precise
definitions see the following paragraph and Section 2). As we will formulate our results in
terms of the associated metric Lie algebra, we leave aside the difficulties arising from the
transition from local to global and the fact that there may be several (locally isometric)
metric Lie groups having the same metric Lie algebra. We will say that a metric Lie algebra
g has a conformal property if a Lie group with bi-invariant metric and metric Lie algebra g
has the corresponding local conformal property. For example, given the equivalence of local
conformal flatness with the vanishing of the Weyl tensor, we say that a metric Lie algebra g
is conformally flat if its Weyl tensor vanishes.
Our main focus is the property of a bi-invariant metric on a Lie group to be locally
conformally equivalent to an Einstein metric (again see Section 2 for details). Of course,
the resulting metric is no longer bi-invariant (unless the scaling function is constant). In
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contrast to the locally conformally flat property, there is in general no tensorial condition
that is equivalent to the locally conformal Einstein property. Instead, it is equivalent to the
following differential equation: a metric g on a manifold M is locally conformally equivalent
to an Einstein metric if and only if
(A) each point in M has a neighbourhood U with a closed 1-form Υ ∈ Γ(T ∗U) such that
that the trace-free part of
P−∇Υ+Υ2
vanishes, where P is the Schouten tensor and ∇ the Levi-Civita connection of g.
For Lie groups with bi-invariant metric this property cannot be be formulated purely in terms
of the metric Lie algebra. Instead we make the following definition:
Definition 1.1. A metric Lie algebra g is conformally Einstein if for the unique simply
connected metric Lie group (G, g) with metric Lie algebra g the bi-invariant metric g is
locally conformally equivalent to an Einstein metric1.
Even though in general the locally conformally Einstein property is not fully characterised
by a tensorial condition, there are certain tensorial obstructions for the original metric to
be conformally Einstein. Remarkably, under some genericity conditions on the Weyl tensor,
the vanishing of these obstructions is not only necessary but also sufficient for the metric to
be conformally Einstein. In general dimensions these obstructions were found by Gover and
Nurowski [14]. They allow us to check effectively whether a given metric can be conformally
Einstein by computing certain tensors, instead of attempting to solve the PDE in (A) directly.
We will see that in the case of a metric Lie algebra g, the vanishing of these obstructions
simplifies to the following two conditions:
(B) The Bach tensor B of g vanishes, and
(C) if n = dim(g) > 4 and g is not already Einstein, the Weyl nullity ideal n in g is not
zero. Here n is the ideal
n = {X ∈ g | X C = 0} ⊂ g,
where C is the Weyl tensor of g.
Note that the question whether an indecomposable Riemannian, and hence simple, metric
Lie algebra is conformally Einstein is trivial as it is already Einstein: the only candidate for
an ad-invariant positive definite bilinear form is the Killing form, and therefore the simple Lie
algebra g is of compact type and Einstein with positive Einstein constant (see for example
Milnor’s classical paper [23]).
With the aim of determining which indefinite metric Lie algebras satisfy the necessary
conditions (B) and (C), we start by describing the Bach tensor of a metric Lie algebra and
expressing its vanishing in terms of the Ricci tensor. In Section 3 we prove our first result:
1Of course, as we only require the local property in the definition, if the simply connected metric Lie group
is locally conformally Einstein, then all other metric Lie groups with the same metric Lie algebra also satisfy
this property.
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Theorem 1.2. A metric Lie algebra of dimension n > 2 is Bach flat if and only if it is
Einstein, or its Ricci tensor Ric satisfies one of the following conditions:
(1) Ric is 2-step nilpotent.
(2) Ric is diagonalisable with two different eigenvalues λ 6= 0 and µ = −n−k−1k−1 λ, where k
is the dimension of the eigenspace of λ, and with non-degenerate eigenspaces. In this
case, if Ric has a non trivial kernel, it is of dimension 1 and non degenerate.
By a 2-step nilpotent Ricci tensor we mean that the endomorphism of g that is obtained by
dualising the Ricci tensor with the metric squares to zero, Ric2 = 0 (including the Ricci-flat
case). As a corollary we obtain that solvable metric Lie algebras are Bach flat.
Next, in Section 4 we consider the case of simple metric Lie algebras g in Theorem 1.1 by
considering their complexifications gC. Extending the trivial Riemannian situation, we show:
Theorem 1.3. Let g be a simple metric Lie algebra. If gC is simple, the metric is given by
the Killing form and hence Einstein. If gC is not simple, then there is a 2-parameter family
of bi-invariant metrics of neutral signature (n2 ,
n
2 ). Moreover:
(1) The only Bach flat metrics in this family are the multiples of the Killing form of g
and of the imaginary part of the Killing form of gC.
(2) The only conformal Einstein metrics in this class are multiples of the Killing form of
g (which are Einstein) and, when g = sl2C (as real Lie algebra), the multiples of the
imaginary part of the Killing form of sl2C (which are conformally flat).
Motivated by the other cases in Theorem 1.1 we turn to metric Lie algebras that are given
by double extensions (for definition and details see Section 5.1). We obtain the following
consequence of Theorem 1.2.
Corollary 1.1. Let g be a metric Lie algebra given by a double extension as in Definition 5.1.
Then
(1) g is Einstein if and only if it is Ricci flat, and
(2) g is Bach-flat if and only if Ric2 = 0.
As another consequence to Theorem 1.2 we obtain that double extensions g of nilpotent
Lie algebras h have 2-step nilpotent Ricci tensor.
Next we turn to the case in Theorem 1.1 where g is the double extension of a metric Lie
algebra by a simple Lie algebra. Using the the necessary conditions (B) and (C) we show in
Section 5.2:
Theorem 1.4. If the double extension g of a metric Lie algebra h by a simple Lie algebra s
is conformally Einstein, then s = sl2R or s = so(3).
While we will leave the cases of s = sl2R or s = so(3) undecided in general, in Example 5.1
we define a double extension of h = R3 by s = so(3) that satisfies both conditions (B) and
(C), but does not satisfy condition (A) and hence is not conformally Einstein.
The remaining case in Theorem 1.1 of double extensions g by the 1-dimensional Lie algebra
s = R is the most difficult one. It is however important as every indecomposable Lorentzian
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metric Lie algebra is either isomorphic to sl2R, or to a Lorentzian oscillator algebra, [21]. In
general, the oscillator algebra oscΦ(t, s) of signature (t + 1, s + 1) is defined as the double
extension of the abelian metric Lie algebra Rt,s by R and Φ ∈ so(t, s). The Lorentzian
oscillator algebras of dimension n then are denoted by oscΦ(n − 2) = oscΦ(0, n − 2). All
oscillator algebras are solvable and hence Bach flat. In Section 6.1 we show:
Theorem 1.5. The oscillator Lie algebras oscΦ(t, s) are conformally Einstein. In particu-
lar, all indecomposable Lorentzian metric Lie algebras and all indecomposable 4-dimensional
metric Lie algebras are conformally Einstein.
The statement about the Lorentzian metric Lie algebras in this theorem is already known
from a more general result in [20], where it was shown that Lorentzian plane waves and hence
Lorentzian symmetric spaces with solvable transvection group, the so-called Cahen-Wallach
spaces [6], are conformally Einstein. In fact, locally they admit two different rescalings to
Ricci-flat metrics.
Finally we turn to indecomposable metric Lie algebras g of signature (2, n − 2), of which
there are three nonsimple types [4]: the oscillator algebras g = oscΦ(1, n − 3), which are
conformally Einstein by Theorem 1.5, and the double extensions g of h by R and a derivation
of h, for either h = oscΦ(n − 4) or h = oscΦ(n − 5) ⊕ R. It turns out that both of the latter
are Bach flat but are not conformally Einstein. This and checking that no simple real Lie
algebra has a Killing form of signature (2, n− 2) for n ≥ 4 (for example in [26, Chapter 15]),
yields our final result.
Theorem 1.6. The oscillator algebras oscΦ(1, n − 3), with Φ ∈ so(1, n − 3), are the only
indecomposable metric Lie algebras of signature (2, n − 2) that are conformally Einstein.
The results in signature (2, n−2) indicate that there might not be a general pattern for the
conformally Einstein property in higher signature, however the methods and results presented
here should allow one to decide in specific cases whether or not the property holds.
Acknowledgements. Many results in this paper were obtained as part the first author’s
Master thesis [12], which was written at the University of Adelaide under supervision of
Michael Murray and the second author. We would like to thank Michael Murray for his
support and helpful remarks. We also thank Vicente Corte´s and Wolfgang Globke for useful
discussions on some aspects of the paper, and Michael Eastwood for crucial comments on
Example 5.1.
2. Conformal Einstein metrics
Let (M, g) be a semi-Riemanian manifold. Our conventions regarding the Riemann curva-
ture tensor R and the Ricci curvature Ric are as follows:
R(X,Y )Z = [∇X ,∇Y ]−∇[X,Y ], R(X,Y,Z, V ) = g(R(X,Y )Z, V ),
Ric(X,Y ) = tr(Z 7→ R(Z,X)Y ).
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We will frequently use index notation as abstract indices (in the sense of Penrose) as well as
denoting the component of tensor with respect to a basis Xi, e.g.,
Rijkl = R(Xi,Xj ,Xk,Xl), Rij = Ric(Xi,Xj) = R
k
kij = g
klRkijl.
We will also dualise tensors with the metric, i.e., raising and lowering indices using the metric
and its inverse. Moreover, we define the Schouten tensor P by
(n − 2)P = Ric−
ρ
2(n − 1)
g,
where ρ is the scalar curvature, and the Weyl tensor as
Cabcd = Rabcd + 2(ga[cPd]b + gb[dPc]a),
where T[ab] =
1
2 (Tab − Tba) denotes the skew-symmetrisation of a tensor. The trace of the
Schouten tensor and the scalar curvature ρ = gbcRbc are related by
J = gbcPbc =
ρ
2(n − 1)
.
Finally, the Cotton and Bach tensors are given by
Aabc = ∇[bPc]a, Bbc = P
adCabcd −∇
dAbcd.
Finally, a semi-Riemannian manifold (M, g) is Einstein and g is an Einstein metric if its Ricci
tensor, or equivalently its Schouten tensor, is a (possibly vanishing) multiple of the metric.
If Ric = 0, the metric is Ricci-flat.
Given a smooth manifold M we say that two semi-Riemannian metrics g and ĝ on M are
conformally equivalent if there is a smooth function ϕ on M such that ĝ = e2ϕg, and that
they are locally conformally equivalent if each point in M has a neighbourhood U such that
on U the metrics ĝ|U and g|U are conformally equivalent. The Schouten tensors P and P̂ of
g and ĝ and their traces J and Ĵ are then related as follows,
(2.1) P̂ = P−∇Υ+Υ2 − 12 g(Υ,Υ)g, Ĵ = e
−2ϕ (
J− div(Υ)− n−22 g(Υ,Υ)
)
,
where Υ = dϕ (see for example [5]). Moreover, a semi-Riemannian manifold is (locally)
conformally flat if it (locally) conformally equivalent to the flat metric. It is well known since
[9, p. §28] that local conformal flatness is equivalent to the vanishing of the Weyl tensor C.
Note that, even for simply connected manifolds, C = 0 does not imply global conformal
flatness, as the example of the sphere shows.
A semi-Riemannian manifold (M, g) is (locally) conformally Einstein if g is (locally) con-
formally equivalent to an Einstein metric. The transformation of the Schouten tensor under
g 7→ ĝ in eq. (2.1) reveals that the metric ĝ = e2ϕg is Einstein if and only if the function ϕ
on M satisfies the following PDE
(2.2) P−∇2ϕ+ (dϕ)2 −
J−∆(ϕ) + dϕ(∇ϕ)
n
g = 0,
where ∇ϕ is the gradient, ∇2ϕ = ∇dϕ denotes the Hessian, ∆(ϕ) = div(∇ϕ) the Laplacian
of ϕ and J is the trace of P, all with respect to g. Therefore, locally the following conditions
are equivalent:
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(1) (M, g) is locally conformally Einstein;
(2) each point in M has a neighbourhood U with a function ϕ ∈ C∞(U) that solves the
PDE (2.2);
(3) each point in M has a neighbourhood U with a closed 1-form Υ ∈ Γ(T ∗U) that
satisfies
(2.3) P−∇Υ+Υ2 = λg,
for some function λ.
In fact, if Υ solves eq. (2.3) for some λ, then λ is determined by
λ = 1n (J− div(Υ) + g(Υ,Υ)) .
Remark 2.1. When substituting ϕ = − log σ, the PDE (2.2) is equivalent to the linear PDE
for σ,
(2.4) ∇2σ + σP = µg,
for some function µ determined by taking the trace of the equation. This enables the pro-
longation of this equation that leads to another equivalence to the local conformal Einstein
property: the metric ĝ = σ−2g is an Einstein metric if and only if σ has no zeros and sat-
isfies eq. (2.4), which in turn is equivalent to
(
σ,dσ,− 1n(∆σ + σP)
)
being a parallel section
of the normal conformal tractor bundle, see [3, 7]. Solutions to eq. (2.4) may however have
zeros along sets of measure zero, so their existence is not equivalent to the local conformally
Einstein property on all of M but only on a dense open subset, see for example [13].
Analysing the transformation of the Cotton tensor and the Bach tensor, Gover and Nurowski
derived the following necessary conditions for a metric to be conformally Einstein.
Theorem 2.1 (Gover & Nurowski [14, Proposition 2.1]). Let (M, g) be a semi-Riemannian
manifold of dimension n ≥ 3 that is locally conformally Einstein with Cotton, Bach and Weyl
tensors A, B and C respectively. Then there is a V ∈ TM such that
(2.5) A−C(V, ., ., .) = 0,
and
(2.6) B− (n− 4)C(V, ., ., V ) = 0.
If (M, g) is not already Einstein, then V does not vanish identically.
In this theorem, V corresponds to the metric dual of the closed 1-form Υ in eq. (2.3), and
hence can locally be realised as a gradient vector field. Gover and Nurowski have in fact
shown a much stronger result [14, Theorem 2.2]: under a certain genericity condition on the
Weyl tensor, the eqs. (2.5) and (2.6) imply that V locally is a gradient vector field and hence
that g is locally conformally Einstein. In this article we will not use this stronger version,
because the genericity condition is not satisfied for the class of bi-invariant metrics we will
consider. Instead, we mainly evaluate the conditions (2.5) and (2.6) on metric Lie algebras.
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3. Bi-invariant metrics on Lie groups
Let G denote a metric Lie group and g the corresponding metric Lie algebra with ad-
invariant scalar product 〈., .〉, which we will also denote by g when emphasising that it
induces a metric or when using index notation. We denote the Levi-Civita connection of g
by ∇. For elements X,Y,Z ∈ g, we have
∇XY =
1
2 [X,Y ], R(X,Y )Z = −
1
4 [[X,Y ] , Z] , Ric = −
1
4K,
where K is the Killing form of g, and [X,Y ] is the Lie bracket on g. All of the curvature
tensors are ad-invariant, that is
adXR = 0, adXRic = 0, etc.,
and hence are parallel with respect to ∇. In particular, the scalar curvature is constant and
the Cotton tensor vanishes, A = 0. Moreover, Lie algebra elements that annihilate one of
these tensors form an ideal. For example, for the Weyl tensor C,
n = ann(C) = {X ∈ g | X C = 0} ⊂ g
forms an ideal. We call this ideal the Weyl nullity ideal.
From the conditions in Theorem 2.1 we get the following necessary conditions for a metric
Lie algebra to be conformally Einstein:
Corollary 3.1. If a metric Lie algebra g is conformally Einstein, then it is Bach flat and,
if g is not Einstein, the Weyl nullity ideal is not zero, n 6= {0}.
Proof. If g is conformally Einstein in the sense of Definition 1.1, the corresponding simply
connected Lie group G is locally conformally Einstein. This implies that locally there is a
closed one form Υ that satisfies eq. (2.3). Hence by Theorem 2.1 the obstructions in (2.5)
and (2.6) vanish for a tangent vector V ∈ TG. Since ∇P = 0 the Cotton tensor vanishes and
so condition (2.5) reduces to V C = 0. Hence, condition (2.6) implies that B = 0. Moreover,
if g is not already Einstein, there is a point in p ∈ G such that V |p 6= 0. Let 0 6= X ∈ g such
that X|p = V |p. Then the invariance of C shows that X C = 0, i.e., that there is a nonzero
element in the Weyl nullity ideal. 
Before studying the Weyl nullity ideal for metric Lie algebras in the next sections, we
analyse Bach flatness. A crucial tensor for this is the square of the Ricci endomorphism, that
is, the composition of the (1, 1)-tensor R ji with itself, R
k
i R
j
k , which we denote for brevity by
Ric2. We also denote its dual, the bilinear form R ki Rkj, by Ric
2. If Ric2 = 0 we say that g
has 2-step nilpotent Ricci tensor. Note that 2-step nilpotency of the Ricci tensor cannot occur
for Riemannian metrics as it implies that the image of the Ricci endomorphism is totally null,
i.e, light-like,
0 = R ki Rkj = R
k
i R
l
j gkl,
where gkl is the metric defined by the ad-invariant scalar product 〈., .〉. Moreover, 2-step
nilpotency of the Ricci endomorphism implies that its image is contained in its kernel. In
addition, Ric2 = 0 implies the vanishing of the scalar curvature (see for example [2] for more
details).
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The following lemma holds for metric Lie algebras and is crucial for reducing the Bach
tensor to the Ricci tensor and its square.
Lemma 3.1. Let g be a metric Lie algebra. Then its Ricci tensor satisfies
Ric2(X,Y ) = − 116 tr
g(K(adX(.), adY (.)) = tr
g
(1,3),(2,6)(Ric⊗ R)(X,Y ),
where K is the Killing form and R the curvature of g defined by the metric g = 〈., .〉. Written
in index notation, this is
R pa Rpb = −
1
16g
klc pak c
q
bl Kpq = R
pqRpabq,
where c pak are the structure constants of the Lie algebra g.
Proof. We fix a basis (X1, . . . ,Xn) of g, and use indices for the components of tensors in this
basis, where Rij denotes the components of Ric. Then we compute
Ric2(Xi,Xj) = g
klRikRjl = −
1
4
gklgpqKikRpjlq
=
1
16
gklgpqKik g ([[Xj,Xp] ,Xq] ,Xl)
=
1
16
gpqK (Xi, [[Xj ,Xp] ,Xq])
= −
1
16
gpqK ([Xi,Xq] , [Xj ,Xp]) ,
by the ad-invariance of K. This implies the first stated equality. Similarly, we obtain
RklRkijl =
1
16
gpkgqlKpq g ([[Xk,Xi] ,Xj ] ,Xl)
=
1
16
gpkK ([[Xk,Xi] ,Xj ] ,Xp)
= −
1
16
gpkK ([Xk,Xi] , [Xp,Xj ]) ,
which gives the second equality. 
This lemma allows us to compute a formula for the Bach tensor that only involves the
Ricci tensor:
Proposition 3.1. The Bach tensor of a metric Lie algebra of dimension n satisfies
(n− 2)2 B = nRic2 −
nρ
n− 1
Ric +
(
ρ2
n− 1
− tr(Ric2)
)
g,
where ρ is the scalar curvature of g and g = 〈., .〉 is the metric.
Proof. For a metric Lie algebra the Cotton tensor is Aabc = 0, so that a straightforward
computation shows
(n− 2)2 Bbc = (n− 2)R
adRabcd + 2RbdR
d
c −
n ρ
n− 1
Rbc +
(
ρ2
n− 1
−RadR
ad
)
gbc.
This allows to use Lemma 3.1 to replace contractions RadRabcd of the curvature tensor with
Ric by Ric2-terms. 
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This formula for the Bach tensor yields a proof of Theorem 1.2 from the introduction.
Proof of Theorem 1.2. The proof is based on the following observation.
Lemma 3.2. Let A ∈ End(Rn) be a linear map of Rn such that
(3.1) 0 = A2 + bA+ c1, for b, c ∈ R.
Then one of the following two cases occurs:
(1) A = λ1+N , with some N ∈ End(Rn) such that N2 = 0. When N 6= 0, then
b = −2λ, c = λ2.
(2) A is diagonalisable with only two different eigenvalues λ and µ, in which case
b = −λ− µ, c = λµ.
Conversely, every A as in (1) or (2) satisfies eq. (3.1).
Proof. This lemma follows entirely from the Jordan normal form for A. If A is considered as
a linear map on Cn, then squaring a Jordan block of size 3 or larger shows that relation (3.1)
is not satisfied, which implies that such blocks cannot occur.
Next assume that A has at least one Jordan block Jλ of size 2. Then the equation for A
implies that b = −2λ and c = λ2, which shows that λ is real. In this case any eigenvalue µ
of A, then satisfies
0 = µ2 + bµ+ c = (λ− µ)2,
and hence λ = µ. This is equivalent to A = λ1+N with N 6= 0 and N2 = 0.
Finally assume that A is diagonalisable. Then eq. (3.1) for A implies that A can have at
most two eigenvalues λ and µ, in which case b = −λ − µ and c = λµ. The case of λ = µ is
contained in the first alternative.
For the converse it is straightforward to check that every A as in (1) or (2) satisfies
eq. (3.1). 
For the proof of Theorem 1.2 first we assume that g is Bach-flat, use Proposition 3.1 and
apply the lemma to the Ricci tensor A = Ric. The Bach flatness then implies that
0 = Ric2 + bRic + cg, with b = −
ρ
(n− 1)
and c =
1
n
(
ρ2
n− 1
− tr(Ric2)
)
.
Hence, by Lemma 3.2, we get that either Ric is diagonalisable with two different eigenvalues
or Ric = A = λ1+N with N2 = 0 and with ρ = tr(A) = λn and tr(A2) = nλ2. In the latter
case, if N = 0, the Ricci tensor is a multiple of the metric and hence Einstein, so we assume
that N 6= 0. The requirements on b and c from Lemma 3.2 then give that
2λ =
nλ
(n− 1)
, λ2 =
λ2
n
(
n2
n− 1
− n
)
=
λ2
(n− 1)
.
Since n > 2 was assumed, this can only hold if λ = 0. Hence Ric = N is 2-step nilpotent.
In the case when Ric = A is diagonalisable with two eigenvalues λ 6= µ we have that
ρ = kλ + (n − k)µ, tr(A2) = kλ2 + (n − k)µ2, where k, 1 ≤ k < n, is the dimension of the
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eigenspace of λ and n−k the dimension of the eigen space of µ. With b and c from Lemma 3.2
we get
λ+ µ =
kλ+ (n− k)µ
(n− 1)
, λµ =
(kλ+ (n− k)µ)2
n(n− 1)
−
kλ2 + (n− k)µ2
n
.
The left equation implies that
(3.2) (k − 1)µ = −(n− k − 1)λ,
This together with λ+ µ ∈ R implies that both eigenvalues are real. Also their eigenspaces
Vλ and Vµ are orthogonal to each other: since λ 6= µ,
λg(vλ, vµ) = g(Avλ, vµ) = g(vλ, Avµ) = µg(vλ, vµ),
shows that g(vλ, vµ) = 0. Then the eigenspaces are also complementary, this implies that
they are non degenerate with respect to g. An important observation is that Equation (3.2)
implies that the kernel of A is either trivial or of dimension 1. If the kernel of A has dimension
1, it is spanned by a non-degenerate vector. This proves the only if direction in Theorem 1.2.
For the converse recall that every semi-Riemannian Einstein manifold is Bach-flat. More-
over, if the Ricci tensor of g is 2-step nilpotent, the scalar curvature vanishes, and by
Proposition 3.1 this implies that the Bach tensor vanishes. For the remaining case in
Theorem 1.2 with eigenvalues λ 6= 0 and µ = −n−k−1k−1 λ one checks that b = −
ρ
(n−1) and
c = 1n
(
ρ2
n−1 − tr(Ric
2)
)
satisfy the conditions on b and c in Lemma 3.2, which then implies
that g is Bach flat by Proposition 3.1. 
Finally in this section, let us make a remark about algebraic properties of g implying Bach
flatness. It is well known that bi-invariant metrics on nilpotent Lie groups are Ricci-flat.
Solvable Lie algebras in general are not Ricci flat, but from Cartan’s solvability criterion it
follows that the Killing form vanishes on the derived Lie algebra. Hence, from Proposition 3.1
and noting that 2-step nilpotent linear maps have vanishing trace, we obtain the following
result (which we could not locate in the literature so far):
Corollary 3.2. Let g be a solvable metric Lie algebra. Then g has two-step nilpotent Ricci
tensor, vanishing scalar curvature, and is Bach flat.
4. Simple metric Lie algebras
For simple Lie groups, the space of bi-invariant metrics can be described explicitly.
Proposition 4.1. Let g be a real simple Lie algebra. Then either
(1) The complexification gC is simple and the space of ad-invariant symmetric bilinear
form is one-dimensional spanned by the Killing form of g, or
(2) the complexification gC is not simple and g = hR is equal to a complex simple Lie
algebra h considered as real Lie algebra hR. In this case the space of ad-invariant
symmetric bilinear forms is two-dimensional and spanned by the real and imaginary
part of the Killing form of h.
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This proposition essentially follows from Schur’s lemma. It also yields a classification of
ad-invariant symmetric bilinear forms of semi-simple real Lie algebras. It was noted in [23],
[21] and [1], and can be obtained from results in [8] and the fact that simple Lie algebras do
not admit ad-invariant skew symmetric bilinear forms.
Clearly, when the complexification gC is simple, any bi-invariant metric g is defined by the
Killing form of g and hence Einstein. The other case is treated in the following theorem.
Theorem 4.1. Let g be a real simple metric Lie algebra of dimension n with ad-invariant
scalar product g and assume that gC is not simple. Then g = hR for a complex simple Lie
algebra h of dimension m = n2 and g is of neutral signature (m,m) given by
g = λKR + µKI ,
where KR and KI are the bi-invarant symmetric bilinear forms corresponding to the real
and imaginary part of the Killing form Kh of h and λ and µ are real constants. The scalar
curvature ρ and Ricci and Bach tensors of g are given by
Ric = −
1
2
KR, ρ = −
mλ
λ2 + µ2
, B =
mλµ
4(λ2 + µ2)2(2m− 1)(m − 1)
(µKR − λKI).
Moreover, g is conformally Einstein if and only if
(1) µ = 0, in which case g is Einstein, or when
(2) λ = 0 and h = sl2C, in which case g is conformally flat.
Proof. Let h0 be the split real form of h such that g = hR = h0⊕ ih0 and let Xa, a = 1, . . . ,m,
be a basis of h0 and of h. Denote by Kab = Kh(Xa,Xb) the matrix of the Killing form Kh of
h in this basis. Then in the basis Xa, iXb of g = hR, the bilinear forms KR = Re ◦Kh and
KI = Im ◦Kh considered as bilinear forms on g = hR are of the form
KR =
(
Kab 0
0 −Kab
)
, KI =
(
0 Kab
Kab 0
)
.
Note that KR =
1
2Kg = −2Ric. The formulae for the scalar curvature and the Bach tensor
are obtained from Proposition 3.1 by direct computation using that the metric and its inverse
are (
λKab µKab
µKab −λKab
)
, 1
λ2+µ2
(
λKab µKab
µKab −λKab
)
,
where Kab is the inverse matrix of Kab.
Now assume that g is conformally Einstein and apply Corollary 3.1. Then g is Bach flat
only if λµ = 0. In the case µ = 0 the metric is Einstein, so we assume µ 6= 0 and λ = 0,
i.e., 〈., .〉 = µKI , which is not Einstein, but has vanishing scalar curvature. Moreover, since
g = hR and as there is no complex simple Lie algebra of dimension 2, the dimension of g
is even but strictly greater than 4. Hence, both conditions for the second obstruction in
Corollary 3.1 to vanish are satisfied and we conclude that the Weyl tensor C has a non-trivial
Weyl nullity ideal. Since C is ad-invariant, its kernel is also ad-invariant, and hence, with
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g being simple, we have ker(C) = g, i.e., C ≡ 0. A computation of the Weyl tensor of the
metric µKI on g = hR yields
4C(X,Y,Z,W ) = 1m−1Im
(
Kh(Y,Z)Kh(X,W )−Kh(X,Z)Kh(Y,W )
)
−KI ([[X,Y ] , Z] ,W )
for all X,Y,Z,W ∈ h. As Kh is a complex bilinear form, this shows that C ≡ 0 implies that
(4.1) Kh ([[X,Y ] , Z] ,W ) =
1
m−1
(
Kh(Y,Z)Kh(X,W )−Kh(X,Z)Kh(Y,W )
)
.
If the rank of the complex Lie algebra h is ≥ 2, this gives a contradiction: in eq. (4.1),
when taking X and Y = Z from a Cartan subalgebra of h such that Kh(Y, Y ) 6= 0 and
Kh(X,Y ) = 0, the left hand side vanishes (as the Cartan subalgebra is abelian) and thus
0 = Kh(Y, Y )Kh(X,W ),
for all W ∈ h, which contradicts the non-degeneracy of the Killing form.
When the rank of h is 1, i.e., when h = sl2C, this argument breaks down and it can be
checked directly that equation eq. (4.1) is indeed satisfied. Taking the imaginary part of this
equation, then shows that for h = sl2C the metric g = µKI on g = hR has C = 0, i.e., is
conformally flat. 
5. Metric Lie algebras via double extensions
5.1. Double extensions. Let h be metric Lie algebra with ad-invariant scalar product 〈., .〉h
and let s be Lie algebra. Moreover, let δ : s→ der(h)∩ so(h) be a Lie algebra homomorphism
into the skew symmetric derivations of h, that is, 〈δS(X), Y 〉h = −〈X, δS(Y )〉h where we
denote by δS the image of S ∈ s under δ. Also, for X ∈ h we denote by δ•(X) the linear map
from s to h that sends S to δS(X).
In this setting the first step in defining a double extension of h is to define the central
extension of h by s∗, where s∗ is the dual vector space to s, that is given by the cocycle in
Z2(h, s∗) defined by
h× h ∋ (X,Y ) 7−→ 〈δ•(X), Y 〉h ∈ s∗.
We denote this central extension by s∗ ⊕δ h. Recalling the definition of a central extension
given by a cocycle, the Lie bracket of s∗ ⊕δ h is given by[(
σ
X
)
,
(
σ̂
X̂
)]
=
(
〈δ•(X), X̂〉h[
X, X̂
] ) ∈ s∗ ⊕ h.
Next, we consider the adjoint representation ad of s and its dual ad∗, the co-adjoint
representation of s on s∗ given by ad∗S(σ) := σ ◦ adS ∈ s
∗. Similarly, we denote by ad∗•(σ) the
map that sends S ∈ s to ad∗S(σ) ∈ s
∗. This allows us to extend the map δ : s → der(h) to a
map from s to der(s∗ ⊕δ h), which we also denote by δ,
(5.1) δS
(
σ
X
)
=
(
ad∗S(σ)
δS(X)
)
.
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Definition 5.1. Let h be metric Lie algebra with ad-invariant scalar product 〈., .〉h, let s be
Lie algebra with an ad-invariant bilinear form b and let δ : s→ der(h)∩so(h) be a Lie algebra
homomorphism into the skew derivations of h. Then the double extension g of h by s and δ,
is the metric Lie algebra that is given by the semidirect sum of the central extension s∗ ⊕δ h
with s and the the map δ in eq. (5.1),
g = (s∗ ⊕δ h)⋊δ s,
together with the ad-invariant inner product g˜ given by
〈σX
S
 ,
 σ̂X̂
Ŝ
〉b = 〈X, X̂〉h + b(S, Ŝ) + σ(Ŝ) + σ̂(S).
Recalling the definition of the semidirect sum ⋊δ, the Lie bracket in g is given in the
splitting s∗ ⊕ h⊕ s by
(5.2)

σX
S
 ,
 σ̂X̂
Ŝ

 =
ad
∗
S(σ̂)− ad
∗
Ŝ
(σ) + 〈δ•(X), X̂〉h
[X, X̂ ] + δS(X̂)− δŜ(X)
[S, Ŝ]
 ,
or in terms of the adjoint representation
(5.3) ad(σ,X,S) =
ad∗S 〈δ•(X), .〉h −ad∗•(σ)0 adhX + δS −δ•(X)
0 0 adS
 ,
for σ ∈ s∗, X ∈ h and S ∈ s, and adh the adjoint representation of h. In particular, s∗ is an
abelian ideal and (s∗)⊥ = s∗ ⊕δ h is an ideal in g, and that s is a subalgebra of g. A double
extension admits several exact sequences of Lie algebras, for g
0 −→ s∗ →֒ g
p
։ h⋊δ s ≃ g/(s)
∗ −→ 0(5.4)
0 −→ (s∗)⊥ →֒ g
q
։ s ≃ g/(s∗)⊥ −→ 0(5.5)
and one for (s∗)⊥,
(5.6) 0 −→ s∗ →֒ (s∗)⊥
r
։ h ≃ (s∗)⊥/s∗ −→ 0.
The importance of double extensions stems from the remarkable structure result for inde-
composable metric Lie algebras by Medina & Revoy [22] (see Theorem 1.1 in our Introduc-
tion), which states that every nonabelian, nonsimple, indecomposable metric Lie algebra is
a double extension by a simple or a 1-dimensional Lie algebra. An interesting algebraic fact
that was already observed in [4] is the following:
Lemma 5.1. Let g = (s∗ ⊕δ h)⋊δ s be a double extension by an abelian Lie algebra s. Then
the metric Lie algebras (g, 〈., .〉b) and (g, 〈., .〉0) are isomorphic as metric Lie algebras.
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Proof. Let S1, . . . , Sr be a basis of s, bij = b(Si, Sj), and σ
i a dual basis to Si. Then the
vector space isomorphism F : g→ g defined by
F |s∗⊕h = Id, F (Si) = −bikσk + Si,
is an isometry between (g, 〈., .〉g,b) and (g, 〈., .〉g,0), that is, F
∗〈., .〉g,b = 〈., .〉g,0. That F is also
a Lie algebra isomorphism can be easily checked using the assumption that s is abelian. 
Remark 5.1. The computation that is used to show that F is a Lie algebra homomorphism
breaks down when s is not abelian. Indeed, let ckij be the structure constants of s. The only
terms that prevent F from being a Lie algebra homomorphism are
[F (Si), F (Sj)]− F ([Si, Sj ]) = bikad
∗
Sj
(σk)− bjkad
∗
Si
(σk) + ckijbklσ
l
= (bikc
k
jl − bjkc
k
il + bklc
k
ij)σ
l
= 32 (bikc
k
jl − bjkc
k
il)σ
l
= 3bikc
k
jlσ
l
using eq. (5.2) and the ads-invariance of b, i.e., that bklc
k
ij = bkic
k
jl = −bkjc
k
il, in the two
last steps.
In the case of abelian s, the result in Lemma 5.1 allows us to assume without loss of
generality that b = 0, in which case we denote the adg-invariant inner product by 〈., .〉 :=
〈., .〉0.
Now, for a metric double extension, we will provide a formula for the Ricci tensor (equiva-
lently its Killing form, see also [4]) and its square. Let g = (s∗ ⊕δ h)⋊δ s be a metric double
extension with invariant scalar product 〈., .〉 and let Ric be its Ricci tensor. We identify Ric
with −14K, where K is the Killing form of g. Multiplying two matrices in (5.3) and taking
their trace shows that
s∗ Ric = 0,
and
(5.7)
Ric(X,Y ) = −14Kh(X,Y ), for X,Y ∈ h,
Ric(S, T ) = −14 (2Ks(S, T ) + tr(δS ◦ δT )) , for S, T ∈ s,
Ric(X,S) = −14tr(δS ◦ ad
h
X)
= −14tr(ad
h
X ◦ δS) = Ric(S,X), for S ∈ s and X ∈ h.
Here Kh and Ks are the Killing forms of h and s, and tr denotes the trace of a linear map.
For future reference we define η ∈ h∗ ⊗ s∗ by
η(X,S) = tr(δS ◦ ad
h
X) = −h
ijh(X, adei ◦ δS(ej)).
Here, ei is a basis of h. For brevity, we will also write tr(δ
2) ∈ ⊗2s∗ for tr(δS ◦ δŜ) when
S, Ŝ ∈ s. For the square of Ric this implies
(5.8)
Ric2(X,Y ) = 116K
2
h (X,Y ), for X,Y ∈ h,
Ric2(S, T ) = 116η(η(., S)
♯, T ), for S, T ∈ s,
Ric(X,S) = 116Kh(X, η(., S)
♯), for S ∈ s and X ∈ h,
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where η(., S)♯ ∈ h denotes the dualisation of the one-form η(., S) ∈ h∗ with respect to 〈., .〉h,
i.e., 〈η(., S)♯,X〉h = η(X,S) for all X ∈ h. Moreover the scalar curvature of g is given by
ρ = −14tr(Kh) = −
1
4
hijKh(ei, ej).
These observations and Theorem 1.2 allow us to prove Corollary 1.1 in the introduction:
Proof of Corollary 1.1. Note that s∗ Ric = 0 but s∗ g 6= 0. This already implies the
first equivalence, that g is Einstein if and only if it is Ricci flat.
For the second equivalence, that g is Bach flat if and only if Ric2 = 0, we use Theorem 1.2,
and we have to exclude the possibility of a diagonalisable Ricci tensor For the double extension
however, the abelian ideal s∗ is always in the kernel of Ric, which excludes the case of two
nonzero eigen values, so according to Theorem 1.2 we are left with a one dimensional and
non-degenerate kernel of Ric. But this contradicts the fact that s∗ is null. Hence the only
remaining possibility for Bach flatness in Theorem 1.2 is Ric2 = 0. 
For completeness we collect a few observations that are interesting, but not necessarily
needed for our main results. Here, in the case where we assume s = R, we fix an 0 6= S ∈ s
and a δ = δS .
Proposition 5.1. Let g = (s∗ ⊕δ h)⋊δ s be a double extension.
(1) If g is solvable/nilpotent, then h and s are solvable/nilpotent.
(2) If h and s are solvable, then g is solvable.
(3) If h is nilpotent, s = R and δ is a nilpotent derivation, then g is nilpotent.
Proof. The proof is based on the maps in the two exact sequences (5.5) and (5.6). First
assume that g is solvable/nilpotent. Then s, as a homomorphic image under the projection q
in (5.5), is solvable/nilpotent, and the subalgebra (s∗)⊥ is solvable/nilpotent. Hence by the
projection r in (5.6), h is solvable/nilpotent.
For the second point assume that s and h = (s∗)⊥/(s∗) are solvable. Since s∗ is a central
ideal, this implies that (s∗)⊥ is a solvable ideal in g. But g/(s∗)⊥ ≃ s is solvable and
consequently g is solvable.
For the third point, recall Engel’s Theorem that a Lie algebra is nilpotent if and only if all
its adjoints adX are nilpotent linear maps. It is easy to check that the linear maps ad(σ,X,S)
in eq. (5.3) are nilpotent whenever h and δ are nilpotent. 
A counter example to the implication “h and s nilpotent implies g nilpotent” is given by
the oscillator algebras (see Section 6.1), for which both h and s = R are abelian, but g is
only solvable but not nilpotent. Here (s∗)⊥ is not central in g. However, if h is nilpotent and
s = R, we can describe the Ricci tensor more precisely:
Proposition 5.2. Let g be a double extension with h nilpotent, s = R and a derivation δ.
Then Ric = tr(δ2) and Ric2 = 0, and hence B = 0.
Proof. The proof is based on the following observation:
CONFORMAL PROPERTIES OF INDEFINITE BI-INVARIANT METRICS 17
Lemma 5.2. Let h be a nilpotent Lie algebra and δ a derivation of h. Then for all X ∈ h,
the linear map δ ◦ adX is nilpotent and in particular tr(δ ◦ adX) = 0.
Proof. Let hk = [h, hk−1] be the lower central series of h and δ a derivation, then
(5.9) δ ◦ adX = adδ(X) + adX ◦ δ, i.e., [δ, adX ] = adδ(X).
This can be used to show inductively that δ preserves hk and that the image of (δ ◦ adX)
k
is contained in hk. Hence with h nilpotent, the image of (δ ◦ adX)
k eventually becomes zero,
which means that (δ ◦ adX)
k is a nilpotent linear map. As a consequence it is trace free. 
Then with h being nilpotent we have that Kh = 0 and the Lemma implies that η = 0, and
hence Ric = tr(δ2) and Ric2 = 0. This implies B = 0. 
5.2. Double extensions by simple Lie algebras. Here we will show that double exten-
sions by simple Lie algebras cannot be conformally Einstein. The key fact we are going to
use in the following is the algebraic version of the Karpelevich-Mostow Theorem:
Theorem 5.1 (Karpelevich [15], Mostow [24], see also [25, Corollary 1 in §6]). Let f : s→ ŝ
be a homomorphism of real semisimple Lie algebras and let s = k⊕p be a Cartan decomposition
of s. Then there is a Cartan decomposition of ŝ = k̂+ p̂ such that f(k) ⊂ k̂ and f(p) ⊂ p̂.
Recall (e.g. from [18, Chapter VI], [27, Chapter 4] or [25]) that a Cartan decomposition of
a real semisimple Lie algebra s is a decomposition s = k⊕ p such that
(1) k is a subalgebra, [k, p] ⊂ p and [p, p] ⊂ k, and
(2) the Killing form of s is negative definite on k and positive definite on p, and k and p
are orthogonal to each other.
A Cartan subalgebra t of s is a subalgebra such that tC is a Cartan subalgebra of sC (see
[7, Sections 2.3.1 and 2.3.7] or [19]). Given a Cartan decomposition s = k ⊕ p, there is a
stable Cartan subalgebra t 6= 0, i.e., a Cartan subalgebra such that t = (t ∩ k)⊕ (t ∩ p). The
dimension of a Cartan subalgebra is the rank of s. Using these facts, Theorem 5.1 implies
the following statement that is useful for our purposes:
Corollary 5.1. Let s ⊂ so(t, s) be a subalgebra in so(t, s) that is semisimple. Let s = k ⊕ p
be a Cartan decomposition and t a stable Cartan subalgebra. Assume that the Killing form
of s satisfies
Ks(X,Y ) = λ tr(X · Y ), for all X,Y,Z ∈ t,
with some λ ∈ R, where tr denotes the trace form in so(t, s). Then λ > 0.
Proof. Let s = k⊕ p be Cartan decomposition of s and so(t, s) = k̂⊕ p̂ the associated Cartan
decomposition of so(t, s) with k = k̂ ∩ s and p = p̂ ∩ s and let t and t̂ two stable Cartan
subalgebras of s and so(t, s). Then, from the above properties of Cartan decompositions
and Killing forms, it follows that both Killing forms Kso(t,s) and Ks are negative definite on
t ∩ k = t̂ ∩ k̂ and positive definite on t ∩ p = t̂ ∩ p̂. Using the assumption and the relation
between the Killing form of so(t, s) and the trace form we get
Ks(X,Y ) = λtr(X · Y ) =
λ
s+t−2Kso(t,s)(X,Y ).
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Taking X,Y ∈ t ∩ k or in t ∩ p implies that λ > 0. 
Returning to double extensions by simple Lie algebras we get the following result:
Proposition 5.3. Let g = (s∗ ⊕δ h)⋊δ s be a double extension of a metric Lie algebra h by
a simple Lie algebra s. Then Ric|s×s 6= 0. In particular, g cannot be Einstein.
Proof. Since s is simple, δ(s) ⊂ so(t, s) is either trivial or simple. From the computation of
the Ricci tensor in (5.7) we have seen that
−4Ric(S, T ) = 2Ks(S, T ) + tr(δS ◦ δT ), for all S, T ∈ s.
Assuming that this vanishes for all S, T ∈ s gives a contradiction: if δ(s) trivial, then Ks =
0, which contradicts the simplicity of s, and if δ(s) is simple it is in contradiction with
Corollary 5.1 applied to δ(s) ⊂ so(t, s).
Finally, assume that the double extension g is Einstein. Then by Corollary 1.1 g is Ricci-flat
which contradicts Ric|s×s 6= 0. 
A version of this Theorem in the case that h is abelian was stated in [4, Theorem 4.1].
Next, in order to analyse the second conformal to Einstein condition for double extensions
by a simple Lie algebra σ, we describe ideals in such double extensions. For this we use the
two projections p and q in the exact sequences (5.4) and (5.5). The projection q is simply
given by q(σ,X, S) = S ∈ s.
Lemma 5.3. Let (g = (s∗ ⊕δ h) ⋊δ s, 〈., .〉g,b) be a metric double extension by a simple Lie
algebra s, and let n be an ideal in g. Then n contains s∗ or n ⊂ s∗ ⊕δ h.
Proof. Let n be an ideal in g. Then, as the projection q in the sequence (5.5) is surjective,
q(n) ⊂ g/(s∗⊕ h) ≃ s is an ideal in s. Since s is simple, this implies that q(n) is either trivial,
in which case n ⊂ s∗⊕δ h and the lemma is proven, or isomorphic to s. In the latter case, for
an arbitrary element in η = (σ,X, S) ∈ n we get from eq. (5.2) that
[η, σ̂] = ad∗S(σ̂) = σ̂ ◦ [S, .] ∈ s
∗ ∩ n, for all σ̂ ∈ s∗ ⊂ g.
Since s is simple, it is s = [s, s], and hence this shows that s∗ ⊂ n. 
Lemma 5.4. Let (g = (s∗ ⊕δ h) ⋊δ s, 〈., .〉g,b) be a metric double extension of h by a simple
Lie algebra s. Assume that g has vanishing scalar curvature, so the Killing form of h is trace
free, and let n be the Weyl nullity ideal. If n contains s∗, then s = sl2R or s = so(3) and
(5.10) h Ric = 0, and tr(δY ◦ δZ) =
dim(h)
2
Ks(Y,Z), for all Y,Z ∈ s.
Proof. Assume that s∗ ⊂ n. Hence we have the condition σ C = 0 for every σ ∈ s∗.
Evaluating this for X,Y,Z ∈ s, and assuming that the scalar curvature of g vanishes, we get
0 = −4C(X,Y,Z, σ)
= σ([[X,Y ], Z]) +
+ 1n−2
(
σ(Y ) (2Ks(X,Z) + tr(δX ◦ δZ))−
1
n−2σ(X) (2Ks(Y,Z) + tr(δY ◦ δZ))
)
,
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where Ks is Killing form of s. If the rank of s is not 1, i.e., if the dimension of a Cartan
subalgebra t is greater than 1, we take linearly independent X,Y in t and get that 0 =
C(X,Y,Z, σ) yields
2Ks(Y,Z) + tr(δ
2)(Y,Z) = 0, for all Y,Z ∈ t.
If t is a stable Cartan subalgebra we can use Corollary 5.1 and the same argument as in the
proof of Proposition 5.3 leads to a contradiction.
In the rank 1 case, we have s = so(3) or s = sl2R. The result is then a direct computation
using that for these s we have
(5.11) [[X,Y ], Z] = −12 (Ks(X,Z)Y −Ks(Y,Z)X) .
Moreover, C(H,Y,Z, σ) = 0 yields Ric(H,Z) = 0 for all H ∈ h and Z ∈ g. 
These lemmas enable us to prove Theorem 1.4 in the introduction, which states that
double extensions by simple Lie algebras cannot be conformally Einstein unless s = so(3) or
s = sl2R..
Proof of Theorem 1.4. Let h be a metric Lie algebra and g = (s∗⊕δh)⋊δ s a double exten-
sion with s simple. If g is conformally Einstein, by Theorem 1.2, the first condition Ric2 = 0
is satisfied, which implies that the scalar curvature vanishes. Moreover, by Proposition 5.3,
g is not Einstein, so we can use the vanishing of the second obstruction in Corollary 3.1. Let
n be the non trivial Weyl nullity ideal.
We can assume that the rank of s is at least 2. Then by Lemmas 5.3 and 5.4 we have that
s∗ 6⊂ n and hence n ⊂ s∗ ⊕δ h. We consider the projection
prh : s
∗ ⊕δ h ∋ (σ,H) 7→ H ∈ h,
which is a Lie algebra homomorphism, and we denote n0 := prh(n). Since n is an ideal for
each S ∈ s and σ +H ∈ n we have [σ +H,S] = −ad∗S(σ) − δS(H) ∈ n, and hence that n0 is
invariant under all derivations in the image of δ, i.e., under δ(s).
Using the vanishing of the scalar curvature again, we will evaluate the condition 2.5: For
a nonzero element N = σ +H ∈ n, and any X,Y,Z ∈ g we get
0 = C(X,Y,Z,N) = C(X,Y,Z, σ) + C(X,Y,Z,H)
= −14〈[[X,Y ], Z],H〉 −
1
4 〈[[X,Y ], Z], σ〉 +
1
n−2 (〈Y, σ〉Ric(X,Z)− 〈X,σ〉Ric(Y,Z))
+ 1n−2 (〈X,Z〉Ric(Y,H)− 〈Y,Z〉Ric(X,H) + 〈Y,H〉Ric(X,Z)− 〈X,H〉Ric(Y,Z)) .
By setting Y = σ̂ ∈ s∗ we get
0 = C(X, σ̂, Z,N) = − 1n−2〈σ̂, Z〉Ric(X,H),
for all X,Z ∈ g and hence we get (n0) Ric = 0. The above equation for the Weyl nullity
ideal then simplifies to
(5.12)
0 = −n−24 〈[[X,Y ], Z],H〉 −
n−2
4 〈[[X,Y ], Z], σ〉
+ 〈Y, σ〉Ric(X,Z)− 〈X,σ〉Ric(Y,Z) + 〈Y,H〉Ric(X,Z)− 〈X,H〉Ric(Y,Z),
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for all X,Y,Z ∈ g. If X,Y,Z ∈ s, then as s is a subalgebra and s ⊥ h, this implies the same
equation as in the proof of Lemma 5.4,
0 = σ([[X,Y ], Z]) + 1n−2 (σ(Y ) (2Ks(X,Z) + tr(δX ◦ δZ))− σ(X) (2Ks(Y,Z) + tr(δY ◦ δZ))) ,
for all X,Y,Z ∈ s and for σ ∈ prs∗(n), where prs∗ : s
∗ ⊕δ h→ s∗ is the projection onto s∗. If
the projection of n onto s∗ is equal to s∗, we get a contradiction in the same way as in the
proofs of Lemma 5.4 and Proposition 5.3, so we may assume that prs∗(n) 6= s
∗.
Now we consider n⊥, the ideal in g that is orthogonal to n with respect to 〈., .〉. As we have
prs∗(n) 6= s
∗, the ideal n⊥ contains a non-trivial subspace s∩n⊥. Since s is a subalgebra in g,
the subspace s ∩ n⊥ is in fact an ideal in s and hence equal to s, because of the simplicity of
s. Now, since h ⊥ s, the inclusions s ⊂ n⊥ and n ⊂ s∗ ⊕δ h imply that n ⊂ h. But since n is
an ideal, the bracket relation (5.2) then implies that δS(H) = 0 for all S ∈ s and H ∈ n0 = n.
With this information, and with σ = 0, eq. (5.12) becomes
0 = −n−24 〈[[S, Y ], T ],H〉 + 〈Y,H〉hRic(S, T )
= n−24 〈Y, δS(δT (H))〉+ 〈Y,H〉h Ric(S, T )
= 〈Y,H〉h Ric(S, T ),
for all Y ∈ h and S, T ∈ s. Since 〈., .〉h is non-degenerate, this implies that Ric(S, T ) = 0 for
all S, T ∈ s, which leads again to a contradiction as in the proof Proposition 5.3. 
The following example shows that in the case when the rank of s is 1 (see Lemma 5.4), the
obstructions can vanish without the metric being conformally Einstein.
Example 5.1. We will now present an example that is not governed by Theorem 1.4. Here, s
is of rank 1, and we describe a double extension for which both obstructions vanish, i.e., which
is Bach flat and has a nontrivial Weyl nullity ideal, but which however is not conformally
Einstein.
Let s = so(3), h = R3 be abelian with the Euclidean standard inner product, and δ =√
6
2 Idso(3) a map from s to the derivations of the abelian Lie algebra R
3 in so(3). That is,
δS =
√
6
2 S for all S ∈ so(3). Let g = (s
∗ ⊕δ R3) ⋊δ s be the double extension of h = R3 by
s = so(3) and δ with the inner product 〈., .〉0, i.e., with b = 0. Let Ei ∈ R
3, i = 1, 2, 3, be
the Cartesian standard basis of R3, and Si ∈ s, i = 1, 2, 3, be a basis of so(3) such that
[Si, Sj ] = Sk, Si(Ej) = Ek,
where (i, j, k) is an even permutation of (1, 2, 3). Moreover, let σi ∈ s∗ be the dual basis to Si,
so σi(Sj) = δ
i
j. Then (σ
1, σ2, σ3, E1, E2, E2, S1, S2, S3) forms a basis of g. The non-vanishing
Lie brackets in g are
(5.13)
[Si, Sj ] = Sk,
[Ei, Ej ] =
√
6
2 σ
k,[
σi, Sj
]
=
[
Si, σ
j
]
= σk,
[Si, Ej ] = [Ei, Sj ] =
√
6
2 Ek,
where (i, j, k) again is an even permutation of (1, 2, 3).
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We are now going to show that for the simply connected metric Lie group
G = (R3abel ×δ R
3
eucl)⋊δ SU(2),
both obstructions vanish but that g as metric Lie algebra is not locally conformally Einstein,
admitting no solution to eq. (2.3).
First we notice that the Schouten tensor of G is given by
(5.14) P = 14 δijσ
iσj = 12 P˚ =
1
4 g˚
where g˚ and P˚ are the round metric and its Schouten tensor on S3 ≃ SU(2). In particular,
G is scalar flat and Bach flat so the first obstruction vanishes. Also the second obstruction
vanishes, since a direct computation as in the proof of Lemma 5.3 using eq. (5.11) shows that
s∗ is contained in the Weyl nullity ideal, s∗ ⊂ n.
In regards to Equation (2.3), we are going to show that in fact n = s∗. Since s∗ ⊂ n, it is
enough to show that there is no nontrivial V + S ∈ R3 ⊕ s that annihilates the Weyl tensor.
For such V + S and all X,Y,Z ∈ g the Weyl tensor is
0 = 4C(X,Y,Z, V + S)
= 〈[[X,Y ] , Z] , V + S〉 − 17 (〈X,Z〉Kg(Y, V + S)− 〈Y,Z〉Kg(X,V + S))
−17 (〈Y, V + S〉Kg(X,Z)− 〈X,V + S〉Kg(Y,Z)) .
Now choosing X = Si and Y = Sj and Z ∈ R
3, and recalling that [Sk, Z] ∈ R
3 and hence
orthogonal to s, leads to the condition,
0 = 〈[Sk, Z] , V + S〉 = 〈[Sk, Z] , V 〉,
where (i, j, k) is an even permutation of (1, 2, 3). But we also have that
[
s,R3
]
= R3, which
implies V = 0 as 〈., .〉 is non-degenerate on R3. Finally, choosing X = Ei and Y = Ej ∈ R
3
and Z = Sl ∈ s we have
0 = 〈[σk, Sl], S〉,
where (i, j, k) is an even permutation of (1, 2, 3). Since [s∗, s] = s∗, this implies S = 0, and
we can conclude that n = s∗.
Next we assume that there is a rescaling function ϕ ∈ C∞(G) such that e2ϕg is Einstein.
Since n = s∗, the gradient ∇ϕ of ϕ is tangent to n = s∗, i.e.,
∇ϕ = aiσ
i,
for some functions ai ∈ C
∞(G), and where σi ∈ s∗ ⊂ Γ(TG). Hence, for the differential of ϕ
we have
dϕ = g(∇ϕ, .) = ai〈σ
i, .〉 = aiσ
i,
where now σi ∈ s∗ ⊂ Γ(T ∗SU(2)). Note that the σi’s here are understood as sections of T ∗G
as well as vectors in s∗ ⊂ Γ(TG), but also as 1-forms on S3. Then 0 = d2ϕ = dai∧σi+aidσi
shows that
dai|T (R3
abel
×δR3eucl) = 0.
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This implies that the ai’s are actually smooth functions on S
3 = SU(2) only. Hence ϕ ∈
C∞(S3), with Υ = dϕ = aiσi, for ai ∈ C∞(S3), is a solution to eq. (2.3), with the function λ
to be given by
λ = 19 (J− div(Υ) + g(Υ,Υ)) = −
1
9div(Υ) = 0.
So Υ must satisfy the following equation,
(5.15) P−∇Υ+Υ2 = 0.
Note that, since g is not Einstein, Υ = dϕ 6= 0.
We obtain the covariant derivatives of the σi’s, which are understood as vector fields on G
that are elements in the abelian ideal s∗ of g, from the bracket relations (5.13) as
∇S1σ
2 = 12σ
3, ∇S2σ
3 = 12σ
1, ∇S3σ
1 = 12σ
2,
∇S2σ
1 = −12σ
3, ∇S1σ
3 = −12σ
2, ∇S3σ
2 = −12σ
1,
and all other covariant derivatives of σi being zero. More concisely for ∇σi ∈ Γ(TG⊗ T ∗G),
we have
∇σi|T (R3
abel
×δR3eucl) = 0
and
(5.16) ∇σi|TS3 = σ
j ∧ σk = ∇˚σi,
where ∇˚ is the Levi-Civita connection of the round 3-sphere and (i, j, k) is an even permuta-
tion of (1, 2, 3). Hence, with Equation (5.14), our crucial Equation (5.15) becomes
(5.17) ∇˚Υ−Υ2 = 14 g˚,
which is an equation only on S3. With P˚ = 12 g˚, this equation can be rewritten to a version
of the conformally Einstein equation (2.3),
(5.18) P˚− ∇˚Υ+Υ2 = 14 g˚,
on S3 with λ = 14 . This implies that ϕ is in fact a local rescaling of the round metric g˚
to another Einstein metric ĝ = e2ϕg˚ on S3. The round metric on the sphere however is
locally conformally flat, and whence the metric ĝ is a locally conformally flat Einstein metric.
Consequently, ĝ is a metric of constant curvature κ with Schouten tensor P̂ = κ2 ĝ =
κe2ϕ
2 g˚.
The transformation of the Schouten tensor in Equation (2.1) then yields
κ
2e
2ϕg˚ = 12 (1− g˚(Υ,Υ)) g˚ − ∇˚Υ+Υ
2.
This together with Equation (5.17) implies that
g˚(Υ,Υ) = 12 − κe
2ϕ.
Then, if V is the metric dual of Υ = dϕ, i.e. V is the the gradient of ϕ, we have
X(g(V, V )) = X
(
1
2 − κe
2ϕ
)
= −2κe2ϕΥ(X), for all tangent vectors X.
On the other hand it holds that
X (˚g(V, V )) = 2g(∇˚XV, V ) = 2˚g(∇˚V V,X), for all tangent vectors X,
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and therefore that
∇VΥ = −κe
2ϕΥ.
When inserting V into Equation (5.17), this yields
−14Υ = κe
2ϕΥ+Υ(V )Υ =
(
κe2ϕ + 12 − κe
2ϕ
)
Υ = 12Υ.
Together with Υ 6= 0, this leads to a contradiction2 and shows that g is not conformally
Einstein, even though it is Bach flat and has a nontrivial Weyl nullity ideal.
5.3. Double extensions by R. When s = R, we fix a nonzero vector S in s and its dual
σ ∈ s∗, i.e., σ(S) = 1, and denote by δ the corresponding derivation of h. Moreover, s∗ is
contained in the centre of the double extension g = (s∗⊕δ h)⋊δ s. Lemma 5.1 implies we can
assume that b = 0 without loss of generality in the definition of the double extension g. We
will be able to make further simplifications because of the following result:
Theorem 5.2 ([10], see also [12]). Let h be a Lie algebra, let δ and δ̂ be two derivations of h
in so(h), and let g and ĝ be the double extensions of h by δ and δ̂ respectively. Then there is
an isomorphism F : g → ĝ of metric Lie algebras if and only if there is a λ ∈ R, an X ∈ h,
and an isomorphism f : h→ h of metric Lie algebras, such that
f δ̂f−1 = λδ + adX .
In the following we will work with a basis e−, e1, . . . , en−2, e+ of g of the form e− = σ, ea,
a = 1, . . . , n− 2, a basis of h such that hab = 〈ea, eb〉h are constants, and e+ = S. We will use
the following index convention: greek indices will run from −, 1, . . . , n − 2,+ whereas latin
indices run from only from 1 to n− 2. In this basis the metric satisfies
g+− = 〈e−, e+〉 = 1, g±a = 〈e±, ea〉 = 0, gab = hab = 〈ea, eb〉h.
The Ricci tensor of a double extension by R, when written in this basis is given by
(5.19) Rµν = −
1
4
0 0 00 (Kh)ab ηa
0 ηb tr(δ
2)
 , R νµ = −14
0 ηa tr(δ2)0 (Kh) ba ηb
0 0 0
 ,
where (Kh)ab is the Killing form of h, and ηa are
ηa = tr(δ ◦ ad
h
ea) = −h
bch(ea, adeb ◦ δ(ec)).
Hence, the square of the Ricci tensor is
Ric2 = RµκR
κ
ν =
1
16
0 (Kh) ca ηc ηcηc0 (Kh) ca (Kh) bc (Kh) bc ηc
0 0 0
 .
2Michael Eastwood showed us a more conceptual way of producing this contradiction, which uses the
linearisation trick in Remark 2.1: For an arbitrary constant c, the PDE ∇˚Υ−Υ2 = c˚g on the unit sphere S3
turns into the linear PDE ∇˚∇˚σ + cσg˚ = 0 when substituting ϕ = − log(σ). Prolonging this equation yields a
connection whose parallel sections correspond to solutions of the linear PDE. Computing its curvature shows
that the connection has nontrivial parallel sections only when c = 1.
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Assume that the first obstruction vanishes, i.e., that the manifold is Bach flat. By Corol-
lary 1.1 this yields Ric2 = RµκR
κ
ν , which implies that the scalar curvature vanishes, we
will now evaluate the second condition. That is, we will consider the existence of a nonzero
element 0 6= V = V µeµ = V
−e− + V aea + V +e+ in the Weyl nullity ideal,
(5.20)
0 = V µCαβγµ =
V −
n−2(gβ−Rγα − gα−Rγβ)
+V d
(
Rαβγd +
2
n−2(gα[γRd]β + gβ[dRγ]α)
)
V +
(
Rαβγ+ +
1
n−2(gαγR+β − gα+Rγβ + gβ+Rγα − gβγR+α)
)
,
where C is the Weyl tensor and where we use that Rαβγ− = 0 and Rα− = 0. This already
provides us with a first solution to V C in a special situation:
Proposition 5.4. If g is a double extension of h by R and δ such that Ric = tr(δ2), that is
if Kh = 0 and η = 0, then e− C = 0, so e− is in the Weyl nullity ideal.
As an example, Proposition 5.2 shows that the assumptions in this proposition are satisfied
when h is nilpotent.
Hence, from now on we assume that there is at least one index pair (c, β) such that Rcβ 6= 0.
Setting α = − in eq. (5.20) we get
(5.21) 0 = g−γV dRdβ + V +(g−γR+β − Rγβ),
which, when evaluated for γ = + and γ = a, implies the conditions
(5.22) 0 = V dRdβ = −
1
4η(V̂ ), 0 = V
+Raβ,
for all a = 1, . . . n− 2, β = 1, . . . , n− 2,+. This first equation implies that the h-component
V̂ of V is in the kernel of Ric. Hence, since we have assumed that there is an index pair (c, β)
such that Rcβ 6= 0, we have that V
+ = 0 and therefore that V is in the kernel of Ric. Now
we evaluate the above equations for α = γ = + and β = b,
0 = − V
−
n−2R+b + V
d
(
R+b+d +
1
n−2gbdR++
)
= − V
−
n−2R+b − g(R(V̂ , e+, )e+, eb) +
R++
n−2 g(V̂ , eb).
This shows that the linear map A : h → h, defined by A(X) = R(X, e+)e+, which in fact is
given by −14δ
2, satisfies
A(V̂ ) = 1n−2tr(A)V̂ −
V −
n−2Ric(e+)
♯,
as R++ = tr(A) = −
1
4tr(δ
2). This means we have
δ2(V̂ ) = 1n−2tr(δ
2)V̂ − V
−
n−2η
♯.
Next, we look at α = +, β = b and γ = c and use V dRd+ = 0 from above, so
0 = − V
−
n−2Rcb + V
d
(
R+bcd +
1
n−2gbdRc+
)
= − V
−
n−2Rcb + V
dR+bcd +
1
n−2VbRc+,
which can again be rewritten as
0 = − V
−
n−2K
♯
h + δ ◦ adV̂ +
1
n−2 V̂ ⊗ η.
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Here K♯h is the endomorphism obtained by metric dual of the Killing form, or
0 = − V
−
n−2K
♯
h + adV̂ ◦ δ +
1
n−2η
♯ ⊗ V̂ ♭.
Note that the equation for α = a, β = b and γ = + follows from this by the Jacobi identity
0 = V µCab+µ + V
µC+abµ − V
µC+baµ,
yielding
0 = ad♭δ(V ) −
2
n−2 V̂
♭ ∧ η,
where adδ(V ) is understood to be dualised with h. With this we arrive at a reformulation of
the two obstructions for double extension by R.
Proposition 5.5. Let h be a metric Lie algebra of dimension m with Killing form Kh, a
derivation δ, and corresponding 1-form η(X) = tr(δ ◦ adX). Let g = (R
∗ ⊕δ h) ⋊δ R be the
metric Lie algebra obtained by the double extension of h by R and δ. If g is conformally
Einstein, then it holds that:
(a) Ric2 = 0, i.e., K2h = 0, η
♯ Kh = 0, and η
♯ is a null vector in h.
(b) If dim(g) > 4 and g is not Ricci-flat (and hence not Einstein), then either Kh = 0 and
η = 0 (in which case it is e− C = 0), or there is V = V −e− + V̂ ∈ R∗ ⊕ h such that
η(V̂ ) = 0,(5.23)
δ2(V̂ )− 1m
(
tr(δ2)V̂ − V −η♯
)
= 0,(5.24)
δ ◦ ad
V̂
− 1m
(
V −K♯
h
− V̂ ⊗ η
)
= 0,(5.25)
ad
V̂
◦ [., .] + 2m V̂
♭ ∧K♯h = 0,(5.26)
where ad and [., .] are those of h.
Note that (5.26) is just
ad
V̂
[X,Y ] + 1m
(
h(V̂ ,X)K♯
h
(Y )− h(V̂ , Y )K♯
h
(X)
)
= 0.
We will use these equations in the next section, where we will also deal with the cases n ≤ 4.
6. The oscillator algebras and related double extensions
6.1. The oscillator algebras. Let Rt,s be a semi-Euclidean vector space of dimension ℓ =
t+ s and signature (t, s), and denote by 〈., .〉 the semi-Euclidean standard inner product. We
want to doubly extend the abelian metric Lie algebra Rt,s by R and a linear map Φ ∈ so(t, s).
If Φ has a kernel, the double extension (R⊕Φ R
t,s)⋉Φ R is isomorphic as metric Lie algebra
to the direct sum of the kernel of Φ with (R ⊕Φ V ) ⋉Φ R), where V is the image of Φ, and
hence decomposable. So from now on we assume that Φ ∈ so(t, s) is invertible, which implies
that ℓ is even. In this situation, the oscillator algebra oscΦ(t, s) of dimension m = ℓ+ 2 and
signature (t+ 1, s+ 1) is then defined as the double extension of Rt,s by R and by Φ, i.e.,
oscΦ(t, s) = (R
∗ ⊕Φ Rt,s)⋊Φ R.
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We set oscΦ(ℓ) = oscΦ(0, ℓ) ≃ oscΦ(ℓ, 0). The adjoint of oscΦ(t, s) is given by
ad(ρ,X,r) =
0 〈Φ(X), .〉 00 rΦ −Φ(X)
0 0 0
 ,
and the ad-invariant scalar product is 〈., .〉 = 2rρ+〈., .〉t,s and hence of signature (t+1, s+1).
Here we work in a basis e0, e1, . . . , eℓ, eℓ+1 with e0 = (1, 0, 0), eℓ+1 = (0, 0, 1) and ei, i =
1, . . . , ℓ a basis of h. We denote by e∗µ the (algebraically) dual basis.
Remark 6.1. As the only non abelian Lie algebra of dimension 2 does not admit an ad-
invariant scalar product, every indecomposable double extension of dimension ≤ 4 is isomor-
phic to oscJ(2) with J ∈ so(2).
The centre of oscΦ(t, s) is R
∗ = R · e0 and the derived Lie algebra is equal to R∗ ⊕ Rt,s,
which is isomorphic to the Heisenberg algebra and hence nilpotent. Therefore:
Lemma 6.1. The oscillator algebras oscΦ(t, s) are solvable. Their Killing form is given by
K((ρ,X, r), (σ, Y, s)) = rs tr(Φ2), i.e., K = tr(Φ2) (e∗ℓ+1)
2.
By Corollary 3.2 and Proposition 5.4 this implies that the oscillator algebras satisfy both
conformally Einstein conditions:
Proposition 6.1. The oscillator algebras are Bach flat and satisfy V C = 0 for V = e0 =
(1, 0, 0) ∈ R∗ a central element.
For the Proof of Theorem 1.5, that the oscillator algebras are conformally Einstein, it
remains to check that the vector field e0 on G indeed satisfies the conditions in (A) before
Definition 1.1: as e0 is a parallel vector field on the corresponding simply connected metric Lie
group G, it is a gradient vector field, and because of the formula for the Killing form, Ric and
P, its metric dual satisfies equation eq. (2.3). Hence the oscillator algebras are conformally
Einstein in the sense of Definition 1.1. 
In the next section we will consider double extensions of the oscillator algebras, for which
we will need to know their derivations.
Lemma 6.2. Every derivation δ ∈ so(oscΦ(t, s)) of oscΦ(t, s) is of the form
δ = (Ψ, u) :=
0 〈u, .〉 00 Ψ −u
0 0 0
 , with Ψ ∈ so(t, s) such that [Φ,Ψ] = 0 and u ∈ Rt,s,
and the corresponding 1-form η is given by
η(ρ,X, r) = r tr(Ψ ◦Φ),
i.e., η = tr(Ψ ◦ Φ)e∗ℓ+1 and hence η
♯ = tr(Ψ ◦ Φ)e0.
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Proof. Since R∗ is the center of oscΦ(t, s), it is left invariant under δ. This and the condition
that δ is skew with respect to h, imply that
δ =
a 〈u, .〉 00 Ψ −u
0 0 −a
 , with Ψ ∈ so(t, s), a ∈ R, and u ∈ Rt,s.
The conditions that δ is a derivation means that[
δ, ad(ρ,X,r)
]
= adδ(ρ,X,r).
Multiplying the corresponding matrices yields the equations
aΦ(X) = 0, −arΦ = r[Ψ,Φ],
and hence a = 0 and [Φ,Ψ] = 0. The formula for η is derived by direct calculation. 
6.2. Double extensions of the oscillator algebras. First we use Theorem 5.2 to simplify
the derivation we are using for the double extension of the oscillator algebra:
Lemma 6.3. Let h = oscΦ(t, s) be the oscillator algebra given by Φ ∈ so(t, s). Moreover,
let Ψ ∈ so(t, s) and δ = (Ψ, 0) and δ̂ = (Ψ, u) with u ∈ Rt,s two derivations of h (with the
notations as in Lemma 6.2). Then the double extensions of h by δ and δ̂ are isomorphic
metric Lie algebras.
Proof. This follows from Theorem 5.2 with f = Id, λ = 1 and X = (0,Ψ−1(u), 0)⊤ ∈ h. 
Hence, without loss of generality, we can assume that δ = (Ψ, 0). Let gΨ,Φ be the metric
Lie algebra which is a 1-dimensional double extension of an oscillator algebra h = oscΦ(t, s)
by the derivation δ = (Ψ, 0), that is
gΨ,Φ =
(
R
∗ ⊕(Ψ,0) oscΦ(t, s)
)
⋊(Ψ,0) R.
The ad-invariant scalar product 〈., .〉 is of signature (t + 2, s + 2) and gΨ,Φ is of dimension
n = m + 2 = ℓ + 4 = t + s + 4 > 4. Since δ(e0) = 0, the centre of gΨ,Φ is spanned by e−
as defined in the previous section and by e0 = (1, 0, 0) ∈ oscΦ(t, s). They correspond to two
parallel vector fields on gΨ,Φ. Moreover Lemma 6.2, or the fact that double extensions of
oscillator algebras by R are solvable, imply:
Lemma 6.4. The metric Lie algebras gΨ,Φ have 2-step nilpotent Ricci tensor and hence are
Bach flat.
Analysing the second obstruction by using Proposition 5.5 gives the following result:
Theorem 6.1. Let gΨ,Φ be the metric Lie algebra that is obtained from an oscillator algebra
oscΦ(t, s) by 1-dimensional double extension by the derivation (Ψ, v). If gΨ,Φ is conformally
Einstein, then either tr(Ψ ◦ Φ) = 0 and tr(Φ2) = 0, or there is a nonzero vector in W ∈ Rt,s
such that
Ψ2(W ) = 1ℓ+2tr(Ψ
2)W, Φ2(W ) = 1ℓ+2tr(Φ
2)W, Ψ ◦ Φ(W ) = 1ℓ+2tr(Ψ ◦Φ),
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for ℓ = t + s. Moreover, let B be the trace form of so(t, s), which is non-degenerate. Then
the matrices Φ and Ψ are either a multiple of each other or span a plane in so(t, s) that is
degenerate with respect to B.
Proof. We assume that at least one of tr(Φ2) = 0 or tr(Ψ ◦ Φ) is not zero, so one of Kh or
η is not zero for h = oscΦ(t, s). Then, by the virtue of Proposition 5.5, conformally Einstein
implies the equations (5.23–5.26) for V̂ =
∑ℓ+1
i=0 V
iei. Since η = tr(Ψ ◦Φ)e
∗
ℓ+1, equation 5.26
evaluated for the pair e0 and eℓ+1 and 5.23 imply that
V ℓ+1tr(Φ2) = V ℓ+1tr(Ψ ◦ Φ) = 0,
and hence V ℓ+1 = 0. Then V̂ = V 0e0+W withW =
∑ℓ
i=1 V
iei ∈ R
t,s ⊂ oscΦ(t, s). Equation
(5.24) gives two more equations:
Ψ2(W )− 1ℓ+2tr(Ψ
2)W = 0,(6.1)
V 0tr(Ψ2)− V −tr(Ψ ◦ Φ) = 0.(6.2)
In the same way equation (5.25) yields equations,
Ψ ◦ Φ(W )− 1ℓ+2tr(Ψ ◦ Φ)W = 0,(6.3)
V 0tr(Ψ ◦ Φ)− V −tr(Φ2) = 0.(6.4)
Finally, for the oscillator algebras equation (5.26) reduces to
adW ◦ [., .]−
2
ℓ+2tr(Φ
2)W ♭ ∧ e∗ℓ+1 ⊗ e0 = 0.
The only pair of arguments for which this equation gives a condition is eℓ+1 and X ∈ R
t,s,
for which we obtain
0 = [W,ΦX] + 1ℓ+2tr(Φ
2)〈W,X〉e0
=
(
〈ΦW,ΦX〉 + 1ℓ+2tr(Φ
2)〈W,X〉
)
e0
=
(
−〈Φ2W,X〉 + 1ℓ+2tr(Φ
2)〈W,X〉
)
e0,
for all X ∈ Rt,s. This yields the equation
Φ2(W )− 1ℓ+2tr(Φ
2)W = 0.(6.5)
Equations (6.2) and (6.4) can be concisely written as(
tr(Φ2) −tr(Ψ ◦ Φ)
−tr(Ψ ◦Φ) tr(Ψ2)
)
︸ ︷︷ ︸
=:B(Ψ,Φ)
(
V −
V 0
)
= 0.
This system has a non-trivial solutions space if and only if
0 = det(B(Ψ,Φ)) = tr(Φ2)tr(Ψ2)− (tr(Ψ ◦ Φ))2.
Now observe that [Ψ,Φ] = 0 implies that (Ψ◦Φ)2W = Ψ2Φ2W , so that equations (6.1), (6.3)
and (6.5) ensure in a remarkable way that det(B(Ψ,Φ)) = 0, so that equations (6.2) and
(6.4) have indeed a non-trivial solution (V −, V 0). 
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Now recall that the trace form B of so(ℓ) is negative definite. Moreover, the indecompos-
ability of gΨ,Φ implies that Ψ and Φ are not multiples of each other (see [4, Proposition 7.1]
and [16]). Therefore, Theorem 6.1 yields the following conclusion:
Corollary 6.1. If the metric Lie algebra gΨ,Φ is of signature (2, ℓ+2) and conformally Ein-
stein, then Ψ is a multiple of Φ. In particular, if gΨ,Φ is indecomposable, it is not conformally
Einstein.
6.3. The remaining case in signature (2, n− 2). In [4] it was shown that every indecom-
posable, nonsimple metric Lie algebra g in signature (2, n − 2) is isomorphic to one of the
following cases:
(1) g = oscΦ(1, n − 3), which is conformally Einstein by our Theorem 1.5;
(2) to a double extension of an oscillator algebra, i.e.,
g = gΨ,Φ = (R
∗ ⊕Ψ oscΦ(n− 4))⋊Ψ R;
we have seen in the previous section that they are not conformally Einstein whenever
they are indecomposable;
(3) or to a double extension of the direct sum of oscΦ(n− 5) with R, i.e.,
g = (R∗ ⊕δ h)⋊δ R with h = oscΦ(n − 5)⊕ R,
with Φ ∈ so(n− 5) with Φ 6= 0.
In the remainder we will show that the last case (3) is not conformally Einstein. Since
h = oscΦ(n − 5) ⊕ R is solvable, its double extension is solvable and hence Bach flat, so we
will focus on the second criterion, the non trivial Weyl nullity ideal, to show that g is not
conformally Einstein. These are the conditions in (b) of Proposition 5.5. For this we fix a
basis e0, . . . , eℓ+2 of h, where e0, . . . , eℓ+1 is a basis of the oscillator algebra (as in the previous
section), ℓ = n− 5, and eℓ+2 spans the central R direction. From Proposition 5.5 we get the
existence of a V̂ = V 0e0+W +V
ℓ+1eℓ+1+V
ℓ+2eℓ+2 with W ∈ R
n−5, that satisfies equations
(5.23–5.26).
The Killing form of h is again given by Kh = tr(Φ
2) (e∗ℓ+1)
2. Since e0 and eℓ+2 are in the
centre of h and since e♭0 = e
∗
ℓ+1, e
♭
ℓ+1 = e
∗
0 and e
♭
ℓ+2 = −e
∗
ℓ+2, equation (5.26) applied to the
pairs (e0, eℓ+1) and (eℓ+2, eℓ+1) gives that
tr(Φ2)V ℓ+1 = tr(Φ2)V ℓ+2 = 0.
Since Φ ∈ so(n − 5), the vanishing of tr(Φ2) would imply Φ = 0 which is excluded in this
case. Hence, as for the oscillator algebra we have that V̂ = V 0e0 +W with W ∈ R
n−5.
Next we have to determine the derivations of a Lie algebra of the form
h = R⊕ oscΦ(n− 5).
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As for the oscillator algebras, one can show [12] that the derivations of h are of the form
δ =

0 〈u, .〉 0 −c
0 Ψ −u 0
0 0 0 0
0 0 c 0
 ,
with Ψ ∈ so(t, s), c ∈ R, u ∈ Rt,s and [Φ,Ψ] = 0. Moreover, again using Theorem 5.2, one
can show that every double extension of h by R and δ with c 6= 0 is isomorphic to a double
extension by
δ =

0 0 0 −1
0 Ψ 0 0
0 0 0 0
0 0 1 0
 ,
and hence we can assume this without loss of generality. As g is indecomposable this implies
that Φ and Φ are not a multiple of each other. The proof for these statements can be found
in [16, 17] or [12], see also [4, Theorem 7.1].
From now on the proof that g is not conformally Einstein proceeds with the derivation of
equations (5.24–6.5) completely analogous to the proof of Theorem 6.1 and Corollary 6.1, for
details see [12]. This yields the following conclusion, which gives a proof of Theorem 1.6:
Theorem 6.2. Let g = (R∗⊕δ h)⋊δ R be an indecomposable metric Lie algebra that is given
by a double extension of h = oscΦ(n − 5) ⊕ R by a derivation δ. Then g is not conformally
Einstein.
References
[1] R. P. Albuquerque. On Lie groups with left invariant semi-Riemannian metric. In Proceedings of the
1st International Meeting on Geometry and Topology (Braga, 1997), pages 1–13 (electronic). Cent. Mat.
Univ. Minho, Braga, 1998.
[2] I. M. Anderson, T. Leistner, A. Lischewski, and P. Nurowski. Conformal Walker metrics and linear
Fefferman-Graham equations. preprint: arXiv:1609.02371, Sept. 2016.
[3] T. N. Bailey, M. G. Eastwood, and A. R. Gover. Thomas’s structure bundle for conformal, projective and
related structures. Rocky Mountain J. Math., 24(4):1191–1217, 1994.
[4] H. Baum and I. Kath. Doubly extended Lie groups—curvature, holonomy and parallel spinors. Differential
Geom. Appl., 19(3):253–280, 2003.
[5] A. L. Besse. Einstein Manifolds. Springer Verlag, Berlin-Heidelberg-New York, 1987.
[6] M. Cahen and N. Wallach. Lorentzian symmetric spaces. Bull. Amer. Math. Soc., 79:585–591, 1970.
[7] A. Cˇap and J. Slova´k. Parabolic geometries. I, volume 154 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, RI, 2009. Background and general theory.
[8] A. J. Di Scala, T. Leistner, and T. Neukirchner. Geometric applications of irreducible representations of
Lie groups. In Handbook of pseudo-Riemannian geometry and supersymmetry, volume 16 of IRMA Lect.
Math. Theor. Phys., pages 629–651. Eur. Math. Soc., Zu¨rich, 2010.
[9] L. P. Eisenhardt. Riemannian Geometry. Princeton University Press, Princeton, 1949.
[10] G. Favre and L. J. Santharoubane. Symmetric, invariant, nondegenerate bilinear form on a Lie algebra.
J. Algebra, 105(2):451–464, 1987.
[11] J. M. Figueroa-O’Farrill and S. Stanciu. On the structure of symmetric self-dual Lie algebras. J. Math.
Phys., 37(8):4121–4134, 1996.
CONFORMAL PROPERTIES OF INDEFINITE BI-INVARIANT METRICS 31
[12] K. L. Francis-Staite. Einstein and conformally Einstein bi-invariant semi-Riemannian metrics. Master’s
thesis, University of Adelaide, 2015. http://hdl.handle.net/2440/97809.
[13] A. R. Gover. Almost conformally Einstein manifolds and obstructions. In Differential geometry and its
applications, pages 247–260. Matfyzpress, Prague, 2005.
[14] A. R. Gover and P. Nurowski. Obstructions to conformally Einstein metrics in n dimensions. J. Geom.
Phys., 56(3):450–484, 2006.
[15] F. I. Karpelevicˇ. Surfaces of transitivity of a semisimple subgroup of the group of motions of a symmetric
space. Doklady Akad. Nauk SSSR (N.S.), 93:401–404, 1953.
[16] I. Kath and M. Olbrich. Metric Lie algebras with maximal isotropic centre. Math. Z., 246(1-2):23–53,
2004.
[17] I. Kath and M. Olbrich. Metric Lie algebras and quadratic extensions. Transform. Groups, 11(1):87–131,
2006.
[18] A. W. Knapp. Lie Groups Beyond an Introduction, volume 140 of Progress in Mathematics. Birkha¨user
Boston Inc., Boston, MA, 1996.
[19] A. W. Knapp. Structure theory of semisimple Lie groups. In Representation theory and automorphic forms
(Edinburgh, 1996), volume 61 of Proc. Sympos. Pure Math., pages 1–27. Amer. Math. Soc., Providence,
RI, 1997.
[20] T. Leistner. Conformal holonomy of C-spaces, Ricci-flat, and Lorentzian manifolds. Differential Geom.
Appl., 24(5):458–478, 2006.
[21] A. Medina. Groupes de Lie munis de me´triques bi-invariantes. Tohoku Math. J. (2), 37(4):405–421, 1985.
[22] A. Medina and P. Revoy. Alge`bres de Lie et produit scalaire invariant. Ann. Sci. E´cole Norm. Sup. (4),
18(3):553–561, 1985.
[23] J. Milnor. Curvatures of left invariant metrics on Lie groups. Advances in Math., 21(3):293–329, 1976.
[24] G. D. Mostow. Some new decomposition theorems for semi-simple groups. Mem. Amer. Math. Soc.,
1955(14):31–54, 1955.
[25] A. L. Onishchik. Lectures on real semisimple Lie algebras and their representations. ESI Lectures in
Mathematics and Physics. European Mathematical Society (EMS), Zu¨rich, 2004.
[26] A. A. Sagle and R. E. Walde. Introduction to Lie groups and Lie algebras. Academic Press, New York-
London, 1973. Pure and Applied Mathematics, Vol. 51.
[27] E`. B. Vinberg, editor. Lie groups and Lie algebras III, volume 41 of Encyclopaedia of Mathematical
Sciences. Springer-Verlag, Berlin, 1994. Structure of Lie groups and Lie algebras. A translation of Cur-
rent problems in mathematics. Fundamental directions. Vol. 41 (Russian), Akad. Nauk SSSR, Vsesoyuz.
Inst. Nauchn. i Tekhn. Inform., Moscow, 1990, translation by V. Minachin, translation edited by A. L.
Onishchik and E`. B. Vinberg.
(Francis-Staite) Mathematics Department, The University of Oxford, OX2 6GG, United King-
dom
E-mail address: kelli.francis-staite@maths.ox.ac.uk
(Leistner, corresponding author) School of Mathematical Sciences, University of Adelaide, SA5005,
Australia
E-mail address: thomas.leistner@adelaide.edu.au
